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Abstract: The failure rate function of non-repairable components can be bathtub shaped. 
Two change points can be defined for a bathtub failure rate curve, which can be viewed as 
the partition points between the early use, normal use and wear-out phases. There is 
practical significance to determine the change points, and several non-parametric methods 
have been developed for this purpose. This paper presents two parametric methods to 
determine the change points of the bathtub curve. The proposed methods are based on a 
bathtub curve model with a finite support. A maximum likelihood method with a 
constraint is developed to estimate the parameters of this model. The methods are 
illustrated by three real-world examples.  

Keywords: Failure rate, bathtub curve, change point, parametric method, maximum 
likelihood method with constraint.  

1. Introduction  

The failure rate function of non-repairable components can be bathtub shaped. The 
bathtub failure rate curve can be divided into three parts and associated with three use 
phases and different failure modes. In the early use phase, the failure rate decreases with 
time or usage due to infant mortality, which is typically due to assembly problem or 
component non-conformance (see [1]). In the normal use phase, the failure rate is nearly 
constant due to random failure mode. In the final use phase, the failure rate quickly 
increases due to wear-out failure mode.  
     Usually, the bathtub curve is ambiguously defined as “first decreasing and then 
increasing”. A stricter description is as follows (referring to Figure 1, and see [2]): 

1) There exists a point 1τ  before which the dominant failure mode is infant failure 
and the failure rate is roughly decreasing. Here, 1τ  is relatively small and the 
failure rate at the time origin is finite.  

2) There exists a point 2τ  after which the dominant failure mode is wear-out and 
the failure rate is increasing. Here, 2τ  is relatively large.  

3) The dominant failure mode between 1τ  and 2τ  is random failure, the failure rate 
is roughly constant and 2 1τ τ−  is relatively large.  

     This description can be characterized by four feature points. The first feature point 
(marked as Point A in Figure 1) is the initial failure rate 0r . It reflects the strength of the 
early failure mode. The second feature point (marked as Point C) is the time mt  where the 
failure rate achieves its minimum mr . It reflects the strength of the random failure mode. 
The third feature point (marked as Point D, and denoted as ( 1τ , 1r ) is the partition point 
between the first two use phases. The 1τ  reflects the lasting time of the early failure mode, 
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and provides the information about the wear-in and burn-in time. The fourth feature point 
(marked as Point E, and denoted as ( 2τ , 2r )) is the partition point between the normal use 
and wear-out phases. The 2τ  provides the information about the time when the wear-out 
phase begins or termination of useful life. Usually, a preventive replacement can be 
planned at its adjacent region. In this paper, we call 1τ  and 2τ  as change points of the 
bathtub curve.  
     Point B in Figure 1 is the intersection point between the bathtub curve and the horizon 
line 0( )r t r= ; and Point F is the intersection point between the bathtub curve and the 
horizon line 1( )r t r= . These two points will be further discussed later.  
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                                     Figure 1: Bathtub Curve 

     In the literature, the problem to estimate the change point(s) is termed as the change 
point problem. There is not a widely acceptable definition for the change point, and hence 
the method to estimate the change point(s) can be different. To find an aging change 
point, Clarotti et al [3] use a piecewise linear model to approximate the empirical 
cumulative hazard function; and Kim [4] uses the hazard ratio to estimate the change 
point. Kapur et al. [5] present a software reliability growth model in terms of fault 
detection rate, which has a change point. 
     For the bathtub curve, Bebbington et al. [6] define the change point as the time where 
the curvature of failure rate curve achieves its maxima. The curvature is the inverse of the 
radius given by 

2 3/2

| "( ) |( )
[1 ( '( )) ]

r tt
r t

κ =
+

.      (1) 

This definition is applicable for both non-parametric and parametric methods. The 
non-parametric method estimates the change points from the empirical failure rate (or 
cumulative hazard) function and the parametric method derives the change points from the 
fitted parametric model. When applying (1) to the non-parametric case, the first-order and 
second-order derivatives of the empirical failure rate function have to be numerically 
evaluated. For the parametric case, we will show in Section 4 that this approach is 
sometimes ineffective. 
     Two non-parametric methods to estimate the change points of a bathtub curve are 
developed by the author ([2] and [7]). One is a piecewise curve fitting method and the 
other is based on the cluster analysis method developed by Jiang [8].  
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     According to the above discussion, there are few works on estimating the change 
points of the bathtub curve and the existing methods are mainly non-parametric methods. 
Since the non-parametric method is computationally intensive, the parametric method has 
potential to be applied to find the change points if appropriate parametric models are 
available. Recently, Jiang [9] presents a three-parameter bathtub curve model with a finite 
support and illustrates its appropriateness. Based on this model, we develop two 
parametric methods to estimate the change points of the bathtub curve in this paper. We 
also present a method to aggregate the estimates obtained from the two methods. The 
appropriateness of these methods is illustrated by three real-world examples.  
     The paper is organized as follows. The parametric model and parameter estimation 
method are presented in Section 2. The proposed methods to estimate the change points 
are presented in Section 3, and illustrated in Section 4. The paper is concluded in Section 
5.  

2. Model and Parameter Estimation Method  

2.1   Parametric model  
The model in terms of failure rate function is given by (see [9]) 

1( )r t
t t
β
η γ

= +
+ −

, , , 0, tβ η γ γ> < .                               (2) 

     Here, β  can be viewed as a shape parameter and its value is usually small; η  can be 
viewed as a scale parameter, which is closely related to the early failure rate; and γ  can 
be viewed as the location parameter and the upper bound of the lifetime. The reliability 
and density functions are given respectively by 
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     From (2), it is clear that the model has the form of a competing risk model. Its first 
term represents the early failure and the second term represents the wear-out failure. The 
model has three parameters and is defined in a finite interval.  

2.2     Parameter Estimation Method 
For the model with a location parameter as the lower or upper bound of the lifetime, the 
maximum likelihood method often fails, and the maximum product of spacings method 
(MPS, see [10]) is a good option to estimate the parameters for this case. The original MPS 
is applicable for the complete dataset and has been extended or modified in several ways. 
One of the extensions is proposed by Jiang [9] and briefly outlined as follows.  

Consider the data given by  
1 1 2 2( ) ( ) ... ( )n nt k t k t k< < <      (4) 

where ik  is the number of it ’s. For (4), the spacing function is given by  
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where 0( ) 0F t =  and 1( ) 1nF t + = . The parameters are estimated by maximizing the 
spacing function or its logarithm.  
     A limitation of the above approach is that it is not applicable for the case where the 
dataset contains censored observations. To overcome this limitation, we estimate the 
parameters using the maximum likelihood method with the constraint:  
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                                                     0 Utγ γ≥ >                                          (6) 
where Ut  is the largest observation of the dataset. The key problem of this method is to 
find 0γ . The total time on test (TTT) transform plot can be used for this purpose.  

Let ( )u F t= . The TTT transform is defined by  

0

( ) (1 )
u

u u dtτ = −∫ .    (7) 

     The TTT plot is the plot of ( )tτ  versus u . According to Aarset [11], if the failure rate 
is bathtub-shaped, the TTT-transform plot is S-shaped. On the other hand, for a given 
dataset, no matter whether it is complete or incomplete, we can always obtain the 
empirical TTT-transform plot corresponding to (7). For example, for an ordered complete 
dataset: 1 2 ... nt t t≤ ≤ ≤ , the horizontal ordinate of the empirical TTT-transform plot is 
calculated by 
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and the vertical ordinate is calculated by  
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     If the dataset is incomplete, the Kaplan-Meier estimator or the Nelson-Aalen estimator 
can be used to estimate the empirical cdf at the failed observations (e.g., see [12]). The 
vertical ordinate can be calculated by (9) with n  being accordingly adjusted. For more 
details, see [13] and [14].  
     For the model with the finite support, when t γ→ , 1u →  and ( )uτ µ→ , where µ  is 
the mean time to failure. This implies that the TTT-transform plot asymptotically tends to 
the point ( , ( )u uτ ) = (1,µ ). The ordinates of the last point of the empirical TTT-transform 
plot are ( ( )Uu t , ( )Utτ ). At the adjacent region of this point, we approximate ( )uτ  by a 
straight line given by  

( ) ( 1)y u uµ α= + −                                                 (10) 
where α  and µ  are unknown parameters to be estimated. To specify these two 
parameters, we choose several points at the right tail of the empirical TTT-transform plot, 
which represent the wear-out phase. Using the linear regression, we fit these points to the 
straight line 

( )L u a bu= + .                                                  (11) 
Compared (10) with (11), we have: 
                                                                ,b a bα µ= = + .                                       (12) 
On the other hand, from (7), we have 

                                 ( ) 1 ( )d u u R t
dt
τ

= − = , ( ) ( )d u d u du
dt du dt
τ τ

= × .                        (13) 

When Ut t= , ( ) 1 ( )U UR t F t= −  and ( )d u
du
τ α= . As such, from (13) we have  

( )UR tdu
dt α

≈ .                       (14) 

http://en.wikipedia.org/wiki/Nelson%E2%80%93Aalen_estimator
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According to the linear assumption, we have 
1 ( ) ( )U U

U U

F t R tdu
dt t tγ γ

−
= =

− −
.    (15) 

Compared (15) with (14), we have  
Utγ α= + .                                          (16) 

We use the RHS of (16) as the lower bound, i.e., 0 Utγ α= + . 

3. Methods to Estimate Change Points 
In this section, we present two methods to estimate the change points. One method is 
based on the value of failure rate at the change point and the other method derives the 
change points from the envelope lines of the bathtub curve.  

3.1  Failure-Rate-Based Method  
Jiang [2] views the total failure rate as the superposition of failure rates due to early, 
random and wear-out failure modes, respectively. The failure rate due to the random 
failure mode is mr . At the first change point, both the early and random failure modes 
have the same contribution to the total failure rate. Similarly, at the second change point, 
both the random and wear-out failure modes have the same contribution. This implies that 
the total failure rate at the change point equals 2 mr . Namely, the change point is defined 
by  
                                                              ( ) 2 mr rτ = .                                         (17) 
     Though this method is intuitionally reasonable, it is possible to have 0 2 mr r≤  so that 

1τ  is nonexistent or equivalent to zero. As such, we have to develop other methods.  

3.2  Envelope-Line-Based Method  

Point B is defined by 0( )Br t r= . The failure rate curve can be approximated by its three 
envelope straight lines: 1( )L t , 2 ( )L t  and 3 ( )L t . 1( )L t  is the tangent line at Point A, given 
by  

1 0( ) '(0)L t r r t= +                                           (18) 
where  

0
1(0)r r β
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= = + , 2 2
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2 ( )L t  is the tangent line at Point C, given by  
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β
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where  
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β
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.                                                  (21) 

3 ( )L t  is the tangent line at Point B, given by 
                                               3 0( ) '( )( )B BL t r r t t t= + −                                       (22) 
where '( )Br t  is given by  
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     We define the first change point at the intersection point of 1L  and 2L  (i.e., Point D in 
Figure 1) given by  
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     Similarly, we define the second change point at the intersection point of 2L  and 3L  
(i.e., Point E in Figure 1) given by  
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     Optionally, the second change point can be defined by Point F in Figure 1, given by  
'
2( )r τ 1( )r τ= .                                     (26) 

     The two estimates of the second change point may provide the information whether the 
wear-out process is fast or slow relative to the early failure process. If '

2 2τ τ> , the wear-
out process is fast; otherwise slow.  
     Clearly, the change points always exist using the envelope-line-based approach.  

3.3  Aggregated Estimates of Change Points  
The failure-rate-based method is based on the failure rate, and the envelope-line-based 
approach is based on the geometric features of the bathtub curve. Therefore, the estimates 
of the change points from these two approaches can be different. To be trade off and 
slightly conservative, we can take the first change point as the quadratic mean of the 
estimates from the two approaches, which is larger than their arithmetic mean; and take 
the second change point as the geometric mean of all the three estimates, which is smaller 
than their arithmetic mean. The quadratic and geometric means of the non-negative 
dataset ( 1 2,, ,..., nx x x ) are given respectively by  
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4. Illustrations 

In this section, we present three examples to illustrate the proposed parameter estimation 
method and the approaches used to determinate the change points. 

4.1  Datasets for Examples 1-3  

The data of Example 1 are shown in Table 1, which deal with lifetimes of 50 devices and 
are from Aarset [11]. The data of Example 2 are shown in Table 2, where the sign “ + ” 
indicates the running times. This dataset deals with the failure and running times of 30 
devices and are from Meeker and Escobar [15]. The data of Example 3 are shown in Table 
3 and deal with failure times of electronic devices reported in Wang [16].  
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Table 1: Data for Example 1 

0.1 0.2 1 1 1 1 1 2 3 
6 7 11 12 18 18 18 18 18 

21 32 36 40 45 46 47 50 55 
60 63 63 67 67 67 67 72 75 
79 82 82 83 84 84 84 85 85 
85 85 85 86 86     

Table 2: Data for Example 2 

2 10 13 23 23 28 30 65 80 
88 106 143 147 173 181 212 245 247 

261 266 275 293 300+ 300+ 300+ 300+ 300+ 
300+ 300+ 300+       

Table 3: Data for Example 3 

5 11 21 31 46 75 98 122 145 
165 195 224 245 293 321 330 350 420 

4.2  Parameter Estimation  

We first determine the value of 0γ  using the approach outlined in Section 2. Consider the 
dataset of Example 1. Figure 2 shows the plot of the empirical TTT transform. As seen, 
the TTT plot is S -shaped, implying that the failure rate is bathtub-shaped. It is apparent 
that the 13 data points at the right tail reflect the quickly increasing portion of the bathtub 
curve. Fitting these data points to the straight line equation (11), we obtained the estimates 
of µ  and 0γ  shown in the second row of Table 4.  
     Figure 3 shows the plots of the empirical TTT transform for the datasets of Examples 2 
and 3. As seen, the TTT plots are also S -shaped. It is apparent that the seven [four] data 
points at the right tail reflect the quickly increasing portion of the bathtub curve for 
Example 2 [Example 3]. Fitting these data points to the straight line equation (11), we 
obtained the estimates of µ  and 0γ  shown in the last two rows of Table 4.   
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                    Figure 2: TTT-transform plot for Example 1  
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Table 4: Estimates of µ  and 0γ  for Examples 1 through 3 

Example a  b , α  µ  0γ  

1 43.39 2.44 45.83 88.44 
2 96.75 109.75 206.50 409.75 
3 127.05 46.11 173.17 466.11 
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                Figure 3: TTT-transform plots for Examples 2 and 3 

     Once the 0γ  is specified, we then estimate the parameters of the parametric model. 
Fitting the data to the model given by (2) using the maximum likelihood method with the 
constraint 0γ γ≥ , we obtained the model parameters shown in Table 5. It is noted that 

0γ γ=  for Examples 1 and 3, implying that it is necessary to estimate a lower bound of 
γ .  
     The fifth column of Table 5 shows the estimates of γ  obtained from the extended MPS. 
The last column shows the relative errors between the two estimates of γ  obtained from 
the two methods. As seen, the errors are fairly small and hence this verifies the parameter 
estimation method proposed in this paper.  

Table 5: Parameters and Maximum-Likelihood Values for Examples 1 through 3 

Example β  η  γ  γ , [9] ,%ε  

1 0.0360 0.19 88.44 88.20 0.27 
2 0.0667 9.51 452.35 452.16 0.04 
3 0.1876 33.10 466.11 437.89 6.05 

4.3 Estimates of Change Points  

Using the proposed approaches we obtained the estimates of change points shown in 
Table 6. Rows 5 and 6 of Table 6 show the estimated change points obtained by [2] and 
[7]. As seen, the aggregated estimates of the change points are fairly close to those 
estimates obtained from the two non-parametric methods.  
     Rows 7, 11 and 15 of Table 6 show the estimated change points from (1). It is shown 
that 2τ  converges to γ  for these three examples, implying that the maximum curvature 
method is ineffective.  
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     Finally, Figures 4 and 5 show the fitted bathtub curves and the aggregated estimates of 
change points for the three examples, respectively. As seen, the estimated change points 
look reasonable. This verifies the proposed approaches.  

Table 6: Estimated Change Points for Examples 1 through 3  

Example Approach 1τ  2τ  '
2τ  

1 

Failure-rate-based, (17) 1.57 56.49  

Envelope-line-based 0.18 78.94 79.16 

Aggregated 1.12 70.67  

Piecewise curve fitting, [2] 2.94 79.65  

Cluster analysis, [7] 1.57 84.05  

Maximum curvature, [6] 1.59 γ   

2 

Failure-rate-based, (17) 4.93 301.80  

Envelope-line-based 7.91 270.19 281.45 

Aggregated 6.59 284.18  

Maximum curvature, [6] 0 γ   

3 

Failure-rate-based, (17) 0 336.58  

Envelope-line-based 22.20 257.59 266.89 

Aggregated 15.70 284.96  

Maximum curvature, [6] 0 γ   
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Figure 4: Bathtub Curve and Change Points for Example 1  
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Figure 5: Bathtub Curves and Change Points for Examples 2 and 3  

5. Conclusions 

In this paper, we proposed a new method to estimate the parameters of the bathtub curve 
model developed by Jiang [9]. The proposed method is applicable for both complete and 
incomplete data. Based on the fitted bathtub curve model, we developed the failure-rate-
based and envelope-line-based approaches to estimate the change points of the bathtub 
curve. We proposed to use the quadratic mean of the two estimates of the first change 
point as the aggregated estimate of the first change point and to use the geometric mean of 
the three estimates of the second change point as the aggregated estimate of the second 
change point. The appropriateness of these method and approaches has been illustrated by 
three real-world examples.  
     It should be emphasized that there is no standard definition of the change points and 
hence the estimated change points depend on the used criterion. The estimates of the 
change points from different approaches can provide useful information for burn-in and 
preventive maintenance decisions. In addition, the effectiveness of the parametric methods 
to estimate the change point strongly depends on the appropriateness of the used 
parametric model because an inappropriate bathtub curve model may give misleading 
results.  Jiang [9] recommends three bathtub curve models that are considered appropriate. 
     A topic for the future study is to extend the results of this paper to the following cases 
where: 

(a) The lifetime distribution has a location parameter as the lower bound such as the 
three-parameter Weibull distribution. In this case, the constraint is given by 

0 Ltγ γ≤ <  with Lt  being the smallest observation of the dataset. 
(b) The failure intensity function is of bathtub shape.  
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